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RETURN GUARANTEES WITH DELAYED PAYMENT

ABSTRACT. A unit-linked insurance contract can be formulated in terms of a guar-
anteed amount together with a fraction of a positive excess return of a benchmark
portfolio. Normally, the excess return is determined annually and accumulated until
the maturity of the contract. The accumulation factor which is granted with respect
to the delayed payments can either be deterministic or equal to the (stochastic)
bank account. It turns out that the common choice of a deterministic accumulation
factor gives rise to problems concerning the pricing and the risk management of
the insurance contract.
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1. INTRODUCTION

Past difficulties with the financial derivatives embedded in life insurance contracts
are in part due to the fact that the classical actuarial approach, i.e. valuing liabilities
by discounting expected payouts with a fixed interest rate, is not applicable. Tradi-
tionally one could justify the use of expected payouts by the law of large numbers,
i.e. for a company with a large number of policies outstanding, the mortality tables
reflect nearly deterministic proportions rather than probabilities. This is not true for
claims depending on one or few underlying financial variables. Rather, an approach
based on arbitrage arguments of the type pioneered by Black and Scholes (1973a)
is required. Thus “fair valuation” becomes “pricing by arbitrage” where the embed-
ded options are concerned. This was recognised early on by Brennan and Schwartz
(1976, 1979) and Boyle and Schwartz (1977).

We consider a contract (or savings plan) where the payoff can be formulated in
terms of a guaranteed amount together with a fraction of a positive excess return on
the basis of a benchmark portfolio. In particular, the excess return is linked directly
to the level of a product which is traded at a financial market, such as a mutual
fund, a certain stock, a foreign currency, etc. Important examples involving such a
contract situation are known as unit-linked insurance contracts with minimum return
guarantees. References to unit—linked contracts with minimum return guarantees are
Bacinello and Ortu (1993), Nielsen and Sandmann (1996, 2002) , Boyle and Hardy
(1997), Grosen and Jgrgensen (1997), Bacinello (2001) and Miltersen and Persson
(2003). These papers are concerned with the valuation of different types of minimum
return guarantees. They all hold in common the use of martingale pricing theory
based on the works of Harrison and Kreps (1979) and Harrison and Pliska (1981).

However, the above literature is mainly concerned with the correct valuation. Along
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the lines of Mahayni and Schlégl (2003) we are also concerned with the risk manage-
ment under model misspecification and model risk. The hedging needs close attention
for various reasons. The risk management affects the default of the underwriter as
well as the benefits to the insured. The contracts have a long time to maturity which
also gives a hedging problem. Thus, the robustness of hedging strategies against
model misspecification can be seen as a necessary requirement.

The main focus of this paper is the delayed payment structure of the return guaran-
tees. For example, in Germany the excess return of a unit—linked insurance contract
is delayed until contract maturity. In particular, it is often deferred without interest.
In general, an interest rate can be granted for the lag—time. This can be modelled
in terms of an accumulation factor which can either be deterministic or stochastic in
the sense that it coincides with the bank account prescribed by the future spot rates.

In particular, the payoff of the contract under consideration depends on the deci-
sion of how the time delay is honored in terms of an accumulation factor. In the case
of a deterministic factor the interest rate granted for the time delay is known at the
inception of the contract. One motivation of this might be to avoid any additional
randomness introduced by a stochastic accumulation factor. An insurance company
might be tempted to think that it is easier to handle a contract where the accumula-
tion factor is deterministic, in particular if the size is fixed in a conservative manner.
In the following, we use standard theory from financial economics to show that just
the opposite is true.

Although the main motivation of this paper stems from the analysis of unit-linked
life insurance contracts, the results are also valid for investment strategies with min-
imum return guarantees. In a more general or abstract setup our results become of
principal importance as soon as the final payoff can be decomposed into a sum of
periodic payments which are delayed until the maturity of the contract. This is a
common feature of many investment strategies actually offered to investors.

In financial terms, the embedded derivatives are given by forward starting near the
money options where the payoff is delayed to the maturity of the contract. It is shown
that a deterministic accumulation factor implies an additional convexity correction.
This is explained by the theory of pricing by no arbitrage. Within a complete fi-
nancial market, the no—arbitrage price of a contingent claim can be expressed as the
expectation of the discounted payoff under the so—called risk neutral measure. In the
case of a stochastic bank account, the price of the time delay is exactly compensated.
Therefore, the embedded option is easily interpreted as an option without time delay.
In the case of a deterministic accumulation factor, the size of the additional convex-
ity adjustment is proportional to the initial forward rate. Furthermore, the excess
return is a non—linear function of the benchmark index. Therefore, the convexity
adjustment also depends on the correlation of the excess returns and the future spot
rates. The higher the correlation, the higher the required compensation will be.

In order to analyze the hedging and robust hedging of the contracts, it is conve-
nient to interpret the embedded options as exchange options. The underlying pseudo
assets depend on the choice of the accumulation factor. If the accumulation factor is
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deterministic, these assets are neither necessarily traded nor necessarily observable.
With respect to a complete market, for example in a Black/Scholes-type setup, these
assets can easily be synthesized. In the case of a stochastic bank account, the re-
sulting strategy for the option is still a Black/Scholes—type strategy. This is not the
case if the accumulation factor is deterministic. The well known robustness results
of Black/Scholes—type strategies are not valid for the hedging of a delayed payment
option with a deterministic accumulation factor. This is even more important with
regard to the high degree of model risk due to the long time to maturity of the fi-
nancial products under consideration.

The paper is organized as follows. Sec.2 gives the contract design. Sec.3 uses the rich
toolbox of financial economics for pricing the insurance contract under consideration,
i.e. the delayed payment options. Sec.4 analyzes the implications for the fair contract
parameters. These are the participation rate specifying the fraction of excess return
granted to the insured and the guaranteed rate determining the guaranteed amount.
It turns out that a deterministic accumulation factor is not necessarily compatible
with a fair participation rate between zero and one which is normally the intention
of the contract design. Of course, this is due to the loss incurred by the delayed
payments. Sec.5 studies the deterministic accumulation factor which offsets the ef-
fect of the time delay. In particular, the factor is represented as an adjustment of
the forward price of a zero coupon bond where the direction of the adjustment is de-
termined by the correlation of the spot rate and asset prices. The risk management
of the insurance contracts under consideration is analyzed in sec.6. In particular,
the implications of so—called model risk are discussed. Finally, sec.7 concludes the

paper.

2. CONTRACT SPECIFICATION

For simplicity, we assume that the investor pays a constant periodic premium A.

T = {to,...,tny_1,tn} denotes the set of reference dates. The maturity date of the
contract is indicated by tx. With respect to an insurance contract, the time between
two trading dates is equal to one month or one year. In this case, one can think of
ty as the "time of retirement” when premium payments cease and in the simplest
case, the accumulated funds are paid out as a lump sum. In particular, the insured
pays the amount A at each time ¢; (i =0,..., N —1).

The payoff which the policy holder receives at time ty is given in terms of a guaran-
teed part GG together with a bonus account B. The guaranteed part GG resembles an
insurance account where each premium A is invested according to a guaranteed rate

g, l.e.

(1) Gy = eg(tN_thl)[ltNil, where A, := ZAeg(t"_tj), 1=0,1,...,N —1.
=0

The bonus account B is determined by the excess returns which are based on a
benchmark portfolio. In particular, we assume that the surplus which is observed
from ¢; up to t;.1 forv = 0,..., N—1 is premised on the comparison of two investment
alternatives. The premium which is paid until ¢;, i.e. the insurance account flti, can
either be used to buy the benchmark index S or to invest according to the guaranteed
rate g. Thus, the excess return is composed of the positive part of the difference of



RETURN GUARANTEES WITH DELAYED PAYMENT 5

to e ti tit1 o 3y

| | | |
[ [ [ |

excess return is observed

+
[% _ eg(ti+1_ti)i|

ti

[M — e9(tix1—ti)
delayed to tn

FiGURE 1. Delayed payment.

Ay = e . ..
stt S,.., and A, edt+17%) je the t; up to t;,, excess return is given by

i+1

n
Ay, {S;;: - eg(t"“_ti)}
It is worth mentioning, that in Germany the excess return is, although observed
at t;11, delayed until the contract maturity ¢5. In particular, it is often deferred
without deigning an interest rate. However, we assume that an interest rate can be
granted for the lag-time. This is modelled in terms of an accumulation factor (., 1y
c.f. Figure 1. Before we comment on 3, we finish the contract specification by the
observation that only a fraction a (0 < a < 1), the so called participation rate, of
the excess returns is granted to the customer. Thus the payoff at time ¢y in terms
of the bonus account amounts to

N-—1 ~ St +
e ) i+1 ti 1—ti
(2) B, = a;Atﬁmm { s; _ oltin )] .

To sum up, the investment contract is defined by the contributions of the policy
holder and the insurer, i.e. the periodic premium A and the final payoff I(¢y) which
is defined by

(3) I(ty) == Giy + Biy

where Gy, and By, are given by equation (1) and equation (2).

Notice that the reference portfolio S is fixed a priori. Thus the payoff granted at
maturity £y depends on the one hand on the choice of the accumulation factor 3 and
on the other hand on the contract parameters o and g.

A few comments are necessary in order to explain the significance of the accumulation
factor 3. Basically, it can either be determined at the initialization of the contract,
or it can be based on the future spot rates. Thus, with respect to the accumulation
factor 3, we like to consider the following basic scenarios:

(a) 3 coincides with the stochastic bank account, i.e.

t
ﬁti,tzeXp{/ rudu} Vit,<t, Vt<T,
t;

where r = (r¢)o<i<ty denotes the continuously compounded spot rate.

ﬁtiﬂ,tN
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(b) Bm can be expressed by a guaranteed interest which is not necessarily equal to
g but given by a deterministic function In particular, this includes no interest,
e B, =1
As our paper will show, the choice of 3 plays an important role in the valuation and
risk management of the insurance contract. In order to distinguish between these
scenarios, we will use the convention that in scenario (a) an accumulation factor is
given in terms of the stochastic bank account, while scenario (b) denotes the deter-
ministic accumulation factor including the case of no interest.

The first question which presents itself is how to specify a fair contract, i.e. how
to specify the fair contract parameters a* and ¢g* for a given periodic premium A.
The so—called equivalence principle states that a contract is fair if the present value of
the contributions is equal to the present value of the benefits. Let D(t¢,t) denote the
discount factor with time to maturity ¢ — ty. The present value of the contributions
of the policy holder is given by

N-1
A" Dito, ts).
i=0
The benefits to the insured, i.e. I(ty) given by equation (3), consist of a deterministic
part with present value
D(to, tN)AtN_leg(tN—thl)
and a random payoff B which is given in terms of call-options on the benchmark

index S.!' Therefore, to calculate the fair price of the embedded options, we use
standard theory from financial economics which is based on arbitrage arguments. Let

Ct(i) (1 =0,...,N — 1) denote the arbitrage—free price a t € [0,ty] of an European
contingent claim where the payoff at contract maturity T' = ty is given by

(4) 2 Stigs (ti_1—t;) i
(4> CtN = ﬁti+17tN S — et :
t;

It follows that a fair contract specification («, g) depends on the arbitrage free to—
option prices Ct(ol) and is given by the solution of

N—-1 N—-1
A Z D(to, tz) = D(t(), tN)AtNileg(tN_thl) + « Z fltZC’g)
i=0 1=0
It is worth emphasizing that the determination of ”fair” prices according to standard
theory is justified by the existence of hedging strategies, i.e. self-financing trading
strategies which replicate the payoff under consideration at maturity. This implies
that the fair price is given by the amount necessary to initialize the self-financing
replicating strategy. If such a perfect hedge is used, the guarantees of the insurance
contract can be honored with probability one. Note that these strategies are dynamic
and rely on the embedded option prices at each t € [0,¢y]. In order to gain insight
into the hedging possibilities, it is not enough to specify the ty—price of the insurance

INotice that the option features which are embedded into the insurance contract differ from standard
option features. In financial terms, the embedded derivatives are given by forward starting options
where the payoff is delayed to the maturity of the insurance contract.
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contract needed to design a fair contract, but to consider the price process (1;)o<i<ty
where

N-1
[(t> = D(t7 tN) (AtN—1€g(tN7tN_l)) +« Z Atzct(l)
=0

To start the analysis of the fair contract specification we have to determine the

price process (Ct(i))ogtgt]\, with respect to a complete financial market. We have to
distinguish between a stochastic and a deterministic accumulation factor.

3. COMPLETE FINANCIAL MARKET MODEL

In the following, we assume a complete and arbitrage—free financial market model
under interest rate risk where the dynamic of the index price process S as well as
the dynamics of the zero coupon bonds D(.,t) paying one monetary unit at maturity
t € [0, 7] are lognormal.

DEFINITION 3.1 (Lognormal Process). We call a stochastic process (Z;)o<i<r lognor-
mal iff it is a solution of

dZt = Zt (/,Ltdt + O'Z(t)dwt)
with deterministic dispersion coefficient o : [0, T[— R%.

Thus, the index dynamic is modeled along the lines of Black and Scholes (1973b),
the interest rate dynamic is given by a Gauss-Markov Heath, Jarrow and Morton
(1992) model. In particular, we assume the existence of a uniquely defined martigale
measure P* such that

(5) dS; = S;(ridt + og(t)dWy)
(6) dD(t,t) = D(t,t) (rdt + og(t)dWy)

where W* denotes a d-dimensional Brownian Motion with respect to P*, and og and
oz satisfy the usual regularity conditions. The volatility of the forward price process
of the bond with maturity 75 with respect to the Ty-bond is given by o7, (t) — o, (t).
Analoguous, the forward volatility of the index S with respect to the t~bond is given
by os(t) — oz(t). In the following, we will simply refer to the volatility of the quo-
tient process % as the forward volatility and use the shorter notation ox y for ox —oy.
Recall that C’t(l) (1t =0,...,N — 1) denotes the arbitrage—free price at t € [0,ty]
of the embedded option due to the excess return from t; to ¢;,; where the payment
is lagged to ty, i.e. an European contingent claim where the payoff at the contract
maturity 7" = ty is given by equation (4). In the following, we consider a fixed
reference period [t;, t;41] (¢ € {0,..., N —1}) and simplify our notation by using C'
instead of C™ as a symbol for the relevant embedded option. We distinguish between
a stochastic accumulation factor, i.e. scenario (a) and a deterministic accumulation
factor, i.e. scenario (b), and denote the option prices with C(®) and C'®)| respectively.
For t €]t;11,tn] we can immediately write down the price process in both cases since

2Notice that the quotient process of two lognormal processes is lognormal as well. In particular,
the local volatility of the quotient process is simply given by the difference of the local volatilities.
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the excess return is already known, i.e. we have

t S, +
c = exp {/ Tu du} {ﬁ — eg(ti“t")l for all ¢ €]t;11,tn],
tit1 S

t;

S *
L egltini=t) | for all ¢ €]ty t].

Ct(b) - D(t7tN)Bti+17tN { IS
t;

where .,y is deterministic in scenario (b). For t € [to,t;11], it is intuitively clear
that the option which is included in the insurance contract can be interpreted as
an exchange option. More precisely, we can use the interpretation of the following
proposition.

PROPOSITION 3.2. Fort € [to, t;11] andw € {a, b}, the t—price of the embedded option
C is given by the t-price of an option to exchange two (pseudo-) assets X)) = X

and Y ™) =Y where the payoff at t;,1 is given by [X(w) — Y(w)]+. In particular, the

tit1 tit1
processes X = (Xt)ociey,,, and Y = (Yi)oeyey,,, are in the case of stochastic bank

account given by
. S,
X = D(t,t) e + S—t Litefts tily
t;
Y;(a) _ D(t, ti+1)€g(ti+1—ti) J{tE[tO,tiJrl}}

and in the case of a deterministic accumulation factor 3 they are determined by

, _ D(t,ty) a
X = By gy o) X0
_ D(t,t a
v Dit,tn) y, @

tit1,tN D(t,ti_H) t
where the proportionality factor c(t,t;,t;v1) is defined by
max(t,ti) tir1
C(t, tis tiJrl) = eXp gy — / Otiy1tn (u)o-ti»tiJrl (u) du — / Otiy1tn (U)US,MH <u> du
t max(t,t;)
Proof. ad (a) Pricing under No-Arbitrage implies that at time ¢ € [to, t;11]

4

() N duE St N\
Ct = FEp- eift Tu uﬁti-‘.l,tN S;+_€g( it1—t:)
t;

This is equal to the t—price of an exchange option with maturity ¢;.; and payoff
( X(a) _ Y(a)

tit1 tit1

tit1 d St. +
— EP* e— ft Ty AU 141 _ eg(ti+1—ti)
S,

)" where

a St . -
Xt(er)l T-H , Y;fg+)1 — e9(tit1—ti)

i
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Furthermore, it holds that for 0 <t <t;,4

X@ = Ep. e T e x (@

tit1

.7-}}
— Ep | K, {f rdu Dtigs
S,

K3

3

ft] = D(t, ti+1)€g(ti+1_ti).

S
}—t} Litepronily + St Litefti b}
ti

1/;(0‘) = EP* -6_ ftti+1 Ty du Y;(a)

41

The calculation of X® and Y® is analogous. However, the computation of X® is
based on Girsanov’s theorem. In particular, there is more than one change of mea-
sure involved, c.f. appendix A. O

Observe that the price processes of the assets X and Y are lognormal.® This im-
plies that there exists a continuous—time hedging strategy which is, if specified in
X and Y, uniquely defined. Obviously, X and Y are not necessarily traded assets.
The topic of hedging is analyzed in detail in section 6. For the time being, we are
purely interested in the fair options prices.* Notice, that the pricing formula for ex-
change options is well known in a Black/Scholes—type setup and was first derived by
Margrabe (1978). This result was extended to a more general setup which includes
stochastic interest rates by Frey and Sommer (1996). Applying these results gives
the following proposition.

PROPOSITION 3.3. For t € [to,tiy1] and w € {a,b}, the t—price of the embedded
option C' is given by

) = XN (It tistian, Z8)) = VN (ot bt Z8))

(w)
where Zt(w) = % N denotes the cumulative distribution function of the standard

normal distribution and the functions hy and hy are given by
In(z) + 50%(s, t, u)

hi(s,t,u,z) = o(s.t0) ho(s,t,u,z) = hi(s,t,u, z) —v(s,t,u),

mazx(s,t) u
where v2(s,t,u) = / ||0t7u(x)||2dx+/ ||057u(x)||2dx.

max(s,t)

Proof. In Frey and Sommer (1996) it is shown that, in a model where the quotient

process Z = % is lognormal, the price of an option to exchange X for Y at maturity

date T with payoff [X7 — Y7]" is given by

C(t, Z) = Xy N(I(t, Zy)) = Y N (ha(t, Z1))

3For a succinct treatment of the significance of this assumption see Rady (1997).

4Again, it is to emphasize that prices are only fair with respect to a model assumptions. For
example, lifting the assumption that the volatilities and correlation coefficients are known, a price
is only as meaningful as the hedging strategy behind it is robust with respect to the misspecification
problematic.
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where 7 := %

hi(t,z) = In(2) +E J; Nloz(s)|ds  ho(t,z) = hy(t, 2) — \//T loz(s)||>ds.
VI loz(s)]2ds t

Therefore, one only needs to compute the (total) volatilities of Z(® and Z® from
time t to time T' = ty. Notice that the quotient process of two lognormal processes
is lognormal as well, in particular o, = ox — oy =: oxy. Furthermore, Proposition
3.2

" St
go _ X0 Dt + 2 1
h Y;(a) D(t, ti+1)69(ti+1_ti) {telto,t:[} D(t, ti+1)€g(ti+1—ti) {t€[titit1]}
x® x (@
Z0 = She = et tin) = = ot i i) 207
b sy bey U a sy bey Uy t
Y;( ) Y;( )

The total volatility v, from time ¢ to ¢y of the embedded option does not depend
on the choice of 3, ;. In particular, we have

ACO N ACEE L
Upin = Yty = Vtitipr = U(tvthti-i-l)

where

) maz(t,t;) ) tir1 )
v@mmﬂ=/ wwﬂ@uw+/ losin ()P ds. O
t

max(t,t;)

The above proposition gives the price of the embedded option in terms of the assets
X and Y. It is worth mentioning that the embedded option price C® is independent
of the correlation of asset prices and interests rates between ¢;,1 and ¢. This is easily
explained looking at the proof of Proposition 3.2. With respect to the expectation
of the discounted payoft, the discount factor of ¢;,; until ¢5 and the stochastic bank
account cancel out such that the delayed payment option can also be interpreted as
an option with maturity ¢;,1, i.e. an option without a time delay of payments. The
asset prices underlying the t—price of the exchange option in scenario (b), i.e. Xt(b)

and Yt(b), are on the one hand both proportional to the asset prices Xt(a) and Y;(a).
The proportionality factor is given by

- D(tty)
YDt i)

On the other hand, the price of the (pseudo-) asset X (®) is additionally corrected
with a parameter ¢ which is determined by forward volatilities. ¢ depends on the
correlation of the asset S with a bond maturing at ¢5 and t,,,.> The following corol-
lary anticipates the convexity correction of the option price which is an implication
of scenario (b). A detailed discussion and illustration of the effects and implications
are given in sec. 5. Applying the pricing results of Proposition 3.3, the convexity
correction between the deterministic and stochastic accumulation factor is given by

5This is implied by the product of the forward volatility o, and the asset volatility og.

i+1,tN
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COROLLARY 3.4. Let C'® denote the embedded option price with stochastic accumu-
lation factor and C® denote the embedded option price with a deterministic accumu-
lation factor By, 4y, then it holds

COt, X VO = B, 1y i) SCO(, et ti, tin) X, Y)Y

IND(ttiy1)

where ¢ is given as in Proposition 3.2.

4. FAIR CONTRACT SPECIFICATION

Recall that a contract is called fair if the present value of the periodic premia A
coincides with the contract value at the date of contract inception ty, i.e.

N-1 N-1
(7) A" D(to, ;) = D(to, ty) Ay, e# =0 0y~ 4,00
=0 =0

Since A is proportional to A, the fair contract parameters (cr, g) are independent of
the size of the periodic premia A. Furthermore, note that the difference between the
two present value terms, i.e.

N-1

A Z D(t(), tl) — D(t(), tN) AtN_l eg(tN_tN—l)

=0

can be interpreted as an implicit premium for the option features granted in the
contract. According to equation (7), a fair participation rate o* is given by

* AZ D(to, t;) — D<t0>tN)AtN_1€g(tN_tN*1)
Zf\i_ol"itzct(;) '

The denominator is positive because of the option features such that o* is positive
if the numerator is positive, too, i.e. if

(07

N-1
A Z D(to,t;) — D(to, tN)AtNileg(tN—thl) < 0.

=0

Intuitively it is clear that the implicit option premium is positive if the guaranteed
amount in terms of a rate g is lower than the amount which can be achieved if the
present value of the periodic premia is invested on the market today. Therefore, the
following argumentation is based on the forward yields which are observed today.
Let y(t;,tj,tr) (i < j < k) denote the forward yield at ¢; which holds for the interval
[tj, tk], i.e

-1 D(to,tn)

to, i Iy == 1 .
yllo ~) tn —t; N D(to,t;)

In particular, y(tg, to,t;) denotes the spot yield. The present value of the difference
of the paid premia and the guaranteed amount G can be rewritten in terms of the
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Fair parameter combinations (a*, g*)
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FIGURE 2. Fair pa- FIGURE 3. Fair param-
rameter combinations eter combinations for a
for a contract of type contract of type (b) with
(a) and maturity in 30 B =1 and maturity in 30
years for three varying years for three varying as-
asset volatilities. set volatilities.

The interest rate dynamic is assumed to be as in a Vasicek model with ro = 0.05,
volatility 0.02, speed of mean reversion 0.18 and long run mean 0.07. The asset
dynamic is given by a Black/Scholes model with volatility of 0.1, 0.2 and 0.3,
respectively. The correlation of assets and bonds is 0.01.

forward yields by

N-1

A D(to,t;) — D(to, ty) Ap,_ e/t —tv=)

=0
N-1
D tg
— A eI(tn —ti)
D t07tN Z

1=

=

-1

M

- D(to, tN) <A

= .
|
|

— A Dlto,tn) 3 (eVtotitn)in—t) _ golin—t)

i

Il
o

According to the intuition above, a guaranteed rate g which is lower than the forward
yield is a sufficient condition for a positive fair participation rate a*, i.e.

g <mini=_. N1 y(to, ti,tn) = o >0.
In particular, for a flat yield curve, the condition simplifies to
af >0« g<uy.

A second question which is of minor importance is if the fair parameter o* is bounded
from above by one. Notice that in the case of a deterministic factor 3, the answer
simply is no, i.e. a* is not bounded from above by one. This is of course due to the
loss which is incurred by a long time delay in combination with a low factor 3. In
particular, o* may be greater than one if no interest is granted for the time delay of
the payments. This is illustrated in Figure 3.
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Under scenario (a), i.e. 3 coincides with the stochastic bank account, the prop-
erty a® < 1 is equivalent to the condition that the sum of weighted option prices is
greater than the compensation to be granted if the guaranteed rate g is lower than
the forward rates.
N-1 N-1
of <1 <— Z flti > A D(to,tn) Z ey (to,titn)(tn—ti) _ eg(tN_ti)) )
; =0

Notice that the fair contract parameter a* is decreasing in g. Therefore, it is enough
to consider the limit g — —oo. We have

N-1 N-1
lim A D(toth)Z(ey(t()ytiatN)(tN_ti)_eg(tN_ti)) = A D(to,ty) eY(tostistn)(tn—ti)
g——o0 P i=0
N-1
— A S Dito )
=0
and

such that the limits coincide. Thus, in the case of scenario (a), lim, . a*(g) =1
and o is bounded from above by one. This is illustrated in Figure 2.

5. CERTAINTY EQUIVALENT

It turned out that in the case of scenario (a) the delayed payment option can
be reinterpreted as a simple option, i.e. an option without a time lag between the
observation of the excess return and the final payment. However, this is not possible
if the accumulation factor is deterministic. To measure the difference between these
two cases consider a deterministic accumulation factor such that the price of deferring
the payment is zero. More precisely, we call 3* the certainty equivalent if the value of
the delayed payment option with the deterministic accumulation factor 3* coincides
with the value of the option without time delay. This means that a deterministic
which is higher (lower) than 3* implies a positive (negative) premium for the time
lag of payoffs. For 3 = 3* the time lag of the payoffs is fully compensated. Applying
Corollary 3.4 the certainty equivalent 5* is given by

D(to, ti1) C(to, Xt((?)? Y(a))
D(to, tn) C@(tg, c(to, ts, tiJrl)X)f(o)? thfl))
where the parameter c is given as in Proposition 3.2.
Notice that the certainty equivalent is connected to the ty—forward price of a

zero coupon bond with maturity ¢;,;. Intuitively it is clear that in a world without
stochastic interest rates the certainty equivalent coincides with the forward price, i.e.

ﬂtiJrl:tN T
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Certainty equivalent

p| oty B (tiva, tn) | B (tigr, )
-1.00 0.0720282 1.91220
-0.90 0.0708124 1.89139
-0.80 0.0695942 1.87077
-0.70 0.0683737 1.85033
-0.60 0.0671509 1.83008
-0.50 0.0659256 1.81001
-0.40 0.0646979 1.79012
-0.30 0.0634678 1.77041
-0.20 0.0622352 1.75088
-0.10 0.0610001 1.73152
0.00 0.0597625 1.71234
0.10 0.0585224 1.69334
0.20 0.0572796 1.67450
0.30 0.0560343 1.65584
0.40 0.0547863 1.63735
0.50 0.0535357 1.61902
0.60 0.0522824 1.60086
0.70 0.0510264 1.58287
0.80 0.0497677 1.56504
0.90 0.0485062 1.54737
1.00 0.0472419 1.52986

TABLE 1. Certainty equivalent with respect to an embedded option
where t = t;, = 0, t5y = 10 and ¢ = 0.03. In particular, notice that
the certainty equivalent is slightly above the forward price % =
1.70653 for p = 0.

= 1.5 Besides, recalling that the option price C is increasing in the price of the
underlying X it is easy to summarize the connection of the certainty equivalent and
the convexity correction parameter ¢ and its implications as follows.

LEMMA 5.1. Let F(to,ti11,tn) denote the ty—forward price of a zero coupon bond
with maturity t;1 1, i.e.

D(to,ti+1)

D(to, tn)

The certainty equivalent BZ‘MM is above (below) F(to,tiy1,tn) if and only if ¢ =
c(to, ti, tiv1) is below (above) one, equality holds for ¢ = 1.

F(to, tiv1,tn) :=

The convexity correction parameter as well as the certainty equivalent are cru-
cially depending on the correlation of assets and bonds. Heuristically, this is easily
explained along the lines of the motivation which is already given in the introduction
and in Section 3. With respect to scenario (a), the option price given by

tit1 St' +
Ep- |e” Jio T rudu [ Pl gltia—t)
St

6Tt is easily seen that ¢ = 1 in the limit for interest (or bond) volatilities converging to zero.
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is equal to an option with maturity ¢;;; and no time delay. On the other hand, with
respect to scenario (b), the price of the delayed payment option, i.e.

2 — /‘ti‘H rudu _— /:.N Ty du Stz+1 g(tit1—ti) "
Btiprin Epe [€7 10 e it e i+1~
t;

is increasing in the correlation of the asset and the bond with maturity ¢;,; and that
of the asset and the ¢ty—bond. Therefore, it is clear that the certainty equivalent is
decreasing in the asset bond correlation. In order to formalize the above observations,
let ps 7 denote the local correlation coefficient of the asset S and a bond with maturity

t, i.e.
d( ( ﬂ>

If the dynamic of S is given by equation (5) and the dynamic of D by equation (6)
we have

os(t)og(t)

N P OREOIE

Together with the definition of the convexity correction, c.f. Proposition 3.2, ¢ can
be written in terms of the asset bond correlation, i.e.

t; tit1
C(to, tiu tiJrl) = ©Xp {/ Otn tigr (u)ati (U) du — / Oty tig1 (U) 7,+1( ) du}

to to

respectively o, (t)oz(t) = psi(t)[los(®)||[|oz(@)]]-

exp {/t i los(W)]] (ps,ex () lloey (W] = psiey, (w)|lo,,, (u)]] du)} _

Thus, depending on the variance—covariance matrix of assets and bonds, the certainty
equivalent can be above, below or less than the forward price F. In particular, it
is above the forward price if assets and bonds are uncorrelated. This is illustrated
by the Vasicek model where the parameters are given as in Figure 2 and Figure 3,
respectively.

6. HEDGING

In the following section we analyze the hedging decisions needed for the payoff of
the insurance contract to be synthesized on the financial market. We will show that
the hedging of the contract type (a) is much easier in its construction and has also
the advantage that it can be specified without using the asset bond correlation as a
separate input. It turns out that this is not only appealing with respect to the prob-
lem of parameter estimation, but also with regard to the so—called hedging robustness.

Again, we simplify notation and use C instead of C'¥ to denote the delayed pay-
ment option with reference period [t;,t;11] and payoff at ty. As hedging is trivial
once the excess return is known, we focus on the hedging decisions for t € [tg, t;11].
Along the lines of Proposition 3.3 we have

PROPOSITION 6.1. Fort € [tg,ti11] and w € {a, b}, the self-financing and duplicating
stratgey ¢ = <¢X<w),¢Y<w)) in the assets X Y () for the embedded option C' is
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given by
iX(w) — N (hl(t, tz‘, t¢+1, Zt(w))> ) Z(w) = _N <h2(t7 tia ti+17 Zt(U)))>

w)
where Zt(w) = jﬁw). N denotes the cumulative distribution function of the standard
t

normal distribution and the functions h™Y and h® are given by

In(z) + 30°(s, t,u)

hi(s,t,u,z) = o(5.10) o ha(s,t,u, 2) = hy(s,t,u, z) — v(s, t,u),
max(s,t) u
where (s, t,u) = / ||0t7u(m)\|2dx+/ |os.u()? d.
s max(s,t)
Proof. In a model where the quotient process Z := % is lognormal, it is well

known, c.f. for example Margrabe (1978) or Frey and Sommer (1996), that the
hedging strategy of an option to exchange X for Y at maturity date T" with payoft
(X7 — Yp|T is given by
X = N(hW(t, Z,)) units of X, ¢ = —N(hP(t, Z,)) units of Y,
where Z := % The rest of the proof is a direct consequence of Proposition 3.3.
(]
Observing that the assets X (™), Y®) are not traded on the financial market in their

original version, a natural way to proceed is to synthesize X ), Y () with basic assets.
This is easy in scenario (a). Recall that

. S,
Xt( ) = D(t, ti)l{te[to,ti[} + S_tl{te[ti’ti“]}’
t;

Yt(“) — D<t7ti_i_l)eg(ti-‘—l_ti)]-{te[t(),ti-o-l}}'

Thus, it is immediately clear that X(® is created by the following strategy. For
t € [to,t;] buy a bond with maturity ¢; and sell the bond at ¢ = ¢;. At ¢;, the
portfolio value is D(t;,t;) = 1 which is exactly the amount needed to buy é assets

S. In particular, the above strategy which consists of two buy and hold decisions is
self-financing and duplicates the asset X(®. Besides, buying e9t+1~%) bonds with
maturity ¢;,1 synthesizes Y(®. Thus, the following proposition is straightforward.

PROPOSITION 6.2. The strateqy ¢ = (gz;("), PU+D) ¢~>S> consisting of the assets D(.,t;), D(.,t;11)
and S where

# = N (mat.titinn, Z)) Tucor
(%i—l—l) = _e9ltii—t) \f (hz(t,ti,tiJrl;Zt(a)))

¢ = N (hl(t,ti,ti+1, Zt(a))> Lieltitin)}
gives a perfect hedge for the delayed payment option C regarding scenario (a).

There are two things worth mentioning. In the first instance, the only unobserv-
able parameter of the hedging strategy is the cumulated volatility v. In particular,
this implies that the estimation problem does not include a separate estimation of
the covariances. Secondly, notice that the strategy, apart from indicating a switch
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from the hedging instrument D(.,t;) to S, is a simple Black/Scholes-type strategy.
This allows the application of the well known robustness result of Black/Scholes, c.f.
El Karoui, Jeanblanc-Picqué and Shreve (1998), which states that the associated cost
process is of finite variation irrespective of the true dynamics of the underlying as-
sets.” If an upper bound for all local volatilities of the quotient process Z® is known,
the hedging strategy which is obtained for the maximum volatility superreplicates
the option, i.e. it dominates the payoff to be hedged almost surely. In particular, a
conservative estimation of v gives an upper price bound.

Unfortunately, this is not true with respect to a delayed payment option with re-
spect to scenario (b). Recall that the price process of the asset X (®) is given by
- D(t,tn) S,
b s UIN t
Xt( ) = /Bti+l7t]\7 mc<t7 ti? ti+1) (D(ta ti)l{te[to,ti[} + g]‘{te[thtﬂkl}}) .

In the Appendix B it is shown that one (but not the only) possibility to syn-
thesize X is given by a strategy ¢ = (¢V,¢"™) 6™ ¢%) in the basic assets
D(.,t;),D(.,ti+1), D(.,tx) and S where

%0 | %0
6" = po o =gy
D(t,tn) D(t, tis1)
x® x®

G _ s _
¢ = ml{te{to,ti}b o7 = S, Lite{titip})-

Notice that the above strategy depends on the convexity correction parameter c. In
particular, this is true for all strategies which can be used to synthesize X ® with-
out using X® itself. The above strategy is chosen as the most suitable one in the
following sense. Once the asset X, i.e. the correction parameter ¢, is known, the
strategy no longer depends on the model assumption. However, ¢ depends on the
asset bond correlation which must be estimated to construct the hedge. Besides, it is
not possible to hedge the insurance contract with a robust Black/Scholes type strat-
egy regarding scenario (b). Basically, this is explained as follows. The process X (®)
is not the true underlying in a world where the volatilities are stochastic themselves.
Therefore, the hedging error is not only due to a potentially misspecified volatility,
but also to the wrong hedging instrument. The last source gives rise to costs which
are not of finite variation, which is a necessary condition to achieve a superhedge, c.f.
Dudenhausen, Schlogl and Schlégl (1998). In particular, the knowledge of an upper
volatility bound is not enough to construct a robust hedge or give a meaningful upper
price bound.

7. CONCLUSION

The results of the paper show that the fairness and the hedging possibilities of
an insurance contract where excess returns are observed periodically but delayed to
maturity, depend on the question of how the time-lag is honored in terms of an ac-
cumulation factor.

It turns out that the choice of a stochastic accumulation factor facilitates the pricing
and risk management with respect to the following aspects. Firstly, the parameter

"The true process is assumed to be a diffusion process.
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estimation problem is reduced. It is not necessary to estimate the correlations of
the asset and the bonds separately. Secondly, the hedging strategy implied by a
Black/Scholes type model setup is robust, i.e. if the strategy is computed according
to an upper bound on the (forward—) volatilities, it dominates the payoff to be hedged.
Once a conservative estimation, i.e. a confidence level, of the volatilities is achieved,
it is ensured that the insurance company stays on the safe side. This also means
that the guarantees which are granted to the insurance takers can be honored with
probability one if the volatility does not violate the upper bound. However, this is
not true for a deterministic accumulation factor, as is common for many unit-linked
contracts e.g. in Germany. At first glance, the use of a deterministic accumulation
factor might be motivated to reduce the contract complexity for the underwriter.
Our results show that this is not true. At least three arguments should be mentioned.

Firstly, pricing is affected by the convexity correction which is not only proportional
to the forward price, but also sensitive to changes in the bond asset correlation.
Thus, both a shift of the yield curve and a change in the correlation structure have
an impact on the fair contract specification. Bearing in mind that in contrast to
pure financial products the pricing of unit-linked (life) insurance products is not at
all adjusted continuously, the dimension of this problem becomes obvious.

Secondly, since pricing is much more static for insurance products than for pure
financial products, hedging needs closer attention. One problem of hedging is the
long time to maturity of the contracts. This is true for both scenarios. But even
if a static or quasi—static hedge is available in the case of a stochastic accumulation
factor, this hedge is not possible for the opposite case. For example, hedging long
time to maturity with short time to maturity options can be the basis of a super-
hedging strategy in the first, but not in the second case. That is, a deterministic
accumulation factor implies a higher necessity of dynamic hedging.

Thirdly, consider risk management. To some extent, pricing can be seen as a mathe-
matical problem and continuous—time hedging as a theoretical concept. However, the
risk management affects the default of the underwriter as well as the benefits to the
insured. Therefore, the risk management concerns the insurer and the stock holder as
well as the regulator. One way to overcome pricing and hedging problems is to set up
a financial strategy which dominates financial obligations. Robustness against model
misspecifications of such superhedging strategies can be seen as a necessary require-
ment. In the case of a deterministic accumulation factor, it is not possible to hedge
the financial claim with a robust Black/Scholes—type strategy. In this case, fixing an
upper bound for the volatility does not necessarily specify the worst—case scenario.
Therefore, a Black/Scholes—type model is not sufficient to construct a robust hedge
or to calculate meaningful upper price bounds. In order to formulate and implement
a risk management system covering the needs of the insurer and the regulation, it is
far from sufficient just to calculate some kind of value at risk or related measure. To
sum up our discussion, the choice of the accumulation factor in unit-linked insurance
contracts plays a critical role and its construction should be reconsidered.
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APPENDIX A. PROOF OF PROPOSITION 3.2

LEMMA A.1. Let W'+t denote a d—dimensional Brownian Motion with respect to the
tir1—forward measure.

(a) Fort € [to,t;] it holds

S, D(t,t; L[ 5
et = DI o L ol s [ o o}
t t

S, D(t,tis
1 [+ ) tit1 "
e {3 [ osatltds [ o @avi)
t t

% @

(b) Fort € [t;, t;y1] it holds

St¢+1 1 1 /tH—l || ( )||2d +/ti+1 ( )th--H( )
= exp{ —— ogt.. . (u u ogt.. . (u 1y

S} D(t,tis1) P12 ¢ St ¢ M

Proof. ad (a) With respect to the ¢;;1—forward measure it holds for ¢ < ¢,

Stis S, 1 [l 9 /ti+1 .
i = _Z . du + () AW (0) 3

it = a5 | lesea Pt [ s awte )
with respect to the t,~forward measure

S = el Mol aus [ o avti
D(t;, t;)  D(t,t;) P 2/, Siti t Sit; )

Therefore,

Stien  D(t,t;) &P {_% fttiﬂ s, (w)][* du + fttH—l o514, 2 AW (u)}

S Dltti) exp{—% [ lose ()2 du+ [ os,, thi(u)}
Using

Wht) = Wht(t) — /t Oty tees (1) du
0
Sty Dt t) e 2 JEH o5ty (I dut [} 052, (u) AW+ (u)
Sy, D(t,tig) o3 [ o5, W17 dut [T 05,0, (w) Wit (w)= [ 05,0, (W), 1y () du

D t,tz 1 ti
= (7)) exp {__/ HO-S,ti-o-l (U)H2 — ||0'S,ti(1,(,)H2 _ 20’5,151' (U)O'ti7ti+1 (u) dU}
t

D(t, i 2

t;
P {/ (O-S’ti-&-l(u) — OS¢, (U)) thi“(u)}
t
1 tit1 ) tit1 .
exp {_5 / ||O-S,ti+1 (u) || du —+ / O-S,ti+1 (u) dW i1 (u)}
t; t

Using og5y,,., — 054, = 04004, and 05y, = 0g4, + 04,1, gives the result.
ad (b). (b) is a direct consequence of

S, S |t tio .
- B : ) exXp {_ 5 / ||US,ti+1 <u> ||2 du + / ||US,ti+1 (u) ||2 thl+1 <u>}
t t

D(tiy1,tiv1)  D(t tina

0.
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LEMMA A2, For (X¢)ocyey,,, with
t Si.
X, = FEp- |:6_ft T du D(tH_l,tN) §+1 ft:|
t;
it holds
D(t,t;) Dt tn) S
X, = ot titin) | D(t,tn) =t o DN Pt
t C( ) +1) |: ( N)D(t7ti+1) {telto,ts[} + D(t tz+1) S {telts,tiv1]}
where
maz(t,t;) tit1
C(t7 b, ti+1) =exXp gy — / Otit1,tn (u)o-tiyti-ﬁ—l <u> du — / Otit1,tn (u)O-S,tz‘+1 (u) du
t max(t,t;)

Proof. With a change of measure, i.e.

< P > = el p (to, tit1)

dPti+1 D(t,ti11)
it follows ( ) s
D(tiy1,tn) St
X; = D(t, tis1)Ept; ’ L F
' (i) Epti {D(twlytm) St, t}
Using

D<ti+l tN) D(t tN) 1 /ti'*‘l ) /t¢+1 .
U — ) _ = . y d + dW -
D(tiy1,tiy1)  D(t,tig) P35 ) ot s ” du t Tty i (u ()

Xi = D(t,tn)Eptiss | €xp ) otn tia () ||* du + Tt toor () AW (1) St
¢ ¢

i

|
According to Lemma A.1 it holds for ¢ < ¢;

Stf+1 D(t,t:) 1 /ti ) /ti+1 .
— = -3 Lt d s dWritt
S, Dt trr1) P35 t 0t 50 (W)]]° du + 5 Ttitins (W) (u)

g 3

1 [ti+ ti )
{3 [ losatolPdut [ o @ave)
t;

Therefore, for t <t;

D(t,t;)
X, = Dt tn)—————
BTy
€xXp _5 (”0—tNt7,+1 H +||Ut tir1(u || )
t

L[ 2 2
5 [ ool + lsslP) do
t;

t;
EPtiH [exp {/ (UtN’tiH(“) + Oti:ti+1(u)) thiH(u)
t

tit1
* / <UtN tiv1(u) T OStiq(u ) dwtﬁl( )}‘ }—t}
t;

D(t,t;) b fi
= D(t, tN)— exp Ot tivt(u) Ot tivr(u du + Otntiv1(u)TS,tiv1(u) du
D<t7 ti-i—l) t t;
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For ¢ € [t;, t;11] it holds (c.f. Lemma A.1 (b)

D(t,ty) S 1 [t
X = gretthstep { =5 [ (o Wl + lose, ()]F) du

tit1
EPti+1 [exp {/ (UtN,ti+1 (U’) + US,ti+1 (U)) thi+1 (u)}‘ ]:t:|
t

D(t,tN) Sy /tz‘+1
— L~ €X o . wWoa,. W) du
D(t,tir1) Sy, P t tn b (W)os i, (u)d

APPENDIX B. SYNTHESISING THE PSEUDO ASSET X )

We study the case where the hedge instrument X is not liquidly traded in the
market and a potential hedger must use other assets Y, ..., Y™ to synthesize X. We
place ourselves in a diffusion setting, i.e. the prices X, Y!,..., Y™ are given by It
processes which are driven by a d-dimensional Brownian motion W defined on :

dX, = X X dt + oXdw,}
Yy} = Y {pidt + oy dW,}

where pX, o and p?, o' are suitably integrable stochastic processes. We assume the
prices X, Y!, ..., Y™ are arbitrage-free. This implies that there is a “market price of
risk” process ¢ such that for any i € {1,...,n}:

wX —oXp = i — oip.
Synthesizing X out of Yl‘, ..., Y™ involves finding a self-financing strategy ¢ with a
position of ¢’ in asset Y’ for each i € {1,...,n} such that X = """ ¢'Y". The
following proposition characterizes these strategies ¢.

PROPOSITION B.1. Suppose that \',..., \" are predictable processes satisfying the
following two conditions:

1) Y N=1 (2 Y Noj=0d".
=1 i=1
For eachi € {1,...,n}, we set ¢' := %)\1 Then ¢ is a self-financing strateqy which
identically duplicates X . In particular, any such strateqy is of the form above.

PROOF: Suppose that weights A\',... A" are given which satisfy conditions (1) and
(2) and that ¢ is the corresponding strategy. By condition (1), it is clear that
d>or, ¢'Y" = X. By the no-arbitrage condition and because of (2) we have

SN = N {pX + (0" — 0¥} = p.
i=1 i=1

From this we see that ¢ is also self-financing because

@Yy =X, > N{pidt + ojdW,} = X{pXdt + o AW} = dX,.
i=1 i=1
Conversely, if ¢ is a self-financing strategy which identically duplicates X, then the
weights A, ..., A" determined by X’ := X-¢" will satisfy the two conditions.
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O

The weights A, ..., \" are to be interpreted as portfolio weights, i.e. A\ is the pro-
portion of total capital to be invested in asset Y.

A question that arises naturally is whether a duplication strategy exists. Irrespective
of the concrete choice of X, this is only true if the market determined by Y, ..., Y™"
is dynamically complete. However, the proposition below deals with the concrete
application of how to synthesize the pseudo asset X of the insurance scenario (b),
ie.

PRrROPOSITION B.2. The asset X with price process

2 D(ta tN) St
Xt = Briritn mc(t, tistiv1) (D(t> ti) Lvefto .y + gl{te[ti,tiﬂ]}

is a redundant asset in a market where the assets S and the zero coupon bonds
with the maturities t;, tiy1 and ty are traded, i.e. the duplication strategy ¢ =
(¢, U, 6N) ¢(5)) s given by

O e

’* D(t,tn) D(t,ti1)’

0 _ X (s) _ Xt

¢ = mz{te{to’ti}}’ O = g Tuet)

In particular, the portfolio weights

A= (17 —1, J{te{to,ti}}a Z{te{ti,ti+1}})
are independent of the volatility structure.

PROOF: Let (X )M denote the martingale part of the Doob Meyer decomposition of
X.

d (Xt( )> = 5ti+1,tNC(t,ti7ti+1) d {m (D(tyti>1{t€[to,ti[} + S_lﬁ'l{te[tiuti+1]}>}

7

_ S, D(t,ty)
= /Bti+1,th(t7 tis ti+1) [(D(t7 ti)l{te[to,ti[} + S_tl{te[ti=ti+1]}> d <m

K2

m <dD(t;ti) Lisepto,upy + d § Liteltotiil}

7

= Xt(Z) [gtN,ti+1 (t) + O, (t)l{te[to,ti[} + O—S(t)l{tE[ti,tHl]}] :
The rest of the proof follows with Proposition B.1.

REFERENCES

Bacinello, A. R. (2001), Fair Pricing of Life Insurance Participating Policies with a Minimum
Interest Rate Guaranteed, Astin Bulletin 31(2), 275-297.

Bacinello, A. R. and Ortu, F. (1993), Pricing Equity—Linked Life Insurance with Endogenous
Minimum Guarantee, Insurance: Mathematics and Economics 12(3), 245-258.



RETURN GUARANTEES WITH DELAYED PAYMENT 23

Black, F. and Scholes, M. (1973a), The Pricing of Options and Corporate Liabilities, Journal
of Political Economy 81, 637-59.

Black, F. and Scholes, M. (1973b), The Pricing of Options and Corporate Liabilities, Journal
of Political Economics 81, 637—-654.

Boyle, P. P. and Hardy, M. R. (1997), Reserving for maturity guarantees: Two approaches,
Insurance: Mathematics and Economics.

Boyle, P. P. and Schwartz, E. S. (1977), Equilibrium Prices of Guarantees under Equity—Linked
Contracts, Journal of Risk and Insurance 44, 639-660.

Brennan, M. J. and Schwartz, E. S. (1976), The Pricing of Equity—Linked Life Insurance
Policies with an Asset Value Guarantee, Journal of Financial Economics 3, 195-213.

Brennan, M. J. and Schwartz, E. S. (1979), Alternative Investment Strategies for the Issuers
of Equity Linked Life Insurance Policies with an Asset Value Guarantee, Journal of Business
52(1), 63-93.

Dudenhausen, A., Schlégl, E. and Schlogl, L. (1998), Robustness of Gaussian Hedges under
Parameter and Model Misspecification, Technical report, University of Bonn, Department of
Statistics.

El Karoui, N., Jeanblanc-Picqué, M. and Shreve, S. (1998), Robustness of the Black and
Scholes Formula, Mathematical Finance 8(2), 93-126.

Frey, R. and Sommer, D. (1996), A Systematic Approach to Pricing and Hedging International
Derivatives with Interest Rate Risk: Analysis of International Derivatives under Stochastic
Interest Rates, Applied Mathematical Finance 3(4), 295-317.

Grosen, A. and Jgrgensen, P. L. (1997), Valuation of Early Exercisable Interest Rate Guar-
antees, Journal of Risk and Insurance 64(3), 481-503.

Harrison, J. and Kreps, D. (1979), Martingales and Arbitrage in Multiperiod Security Markets,
Journal of Economic Theory 20, 381-408.

Harrison, J. and Pliska, S. R. (1981), Martingales and Stochastic Integrals in the Theory of
Continuous Trading, Stochastic Processes and Their Application 11, 215-260.

Heath, D., Jarrow, R. and Morton, A. (1992), Bond Pricing and the Term Structure of
Interest Rates : A New Methodology for Contingent Claim Valuation, Econometrica 60, 77—
105.

Mahayni, A. and Schlégl, E. (2003), The Risk Management of Minimum Return Guarantees,
Technical Report 102, Quantitative Finance Research Group, University of Technology, Sydney.

Margrabe, W. (1978), The Value of an Option to Exchange one Asset for Another, Journal of
Finance 33(1), 177-186.

Miltersen, K. R. and Persson, S.-A. (2003), Guaranteed Investment Contracts: Distributed
and Undistributed Excess Return, Scandinavian Actuarial Journal 4, 257-279.

Nielsen, J. A. and Sandmann, K. (1996), Uniqueness of the Fair Premium for Equity-Linked
Life Insurance Contracts, The Geneva Papers on Risk and Insurance Theory 21, 65-102.

Nielsen, J. A. and Sandmann, K. (2002), The Fair Premium of an Equity Linked Life
and Pension Insurance, in P. Schénbucher and K. Sandmann (eds), Advances in Finance and
Stochastics: Essays in Honor of Dieter Sondermann, Springer Verlag, Heidelberg, pp. 219-255.

Rady, S. (1997), Option Pricing in the Presence of Natural Boundaries and a Quadratic Diffusion
Term, Finance and Stochastics 1(4), 331-344.



